In this article, by defining the generalized co-dimension-p sinc function, the corresponding sinc interpolations (Shannon sampling theorems) are obtained.
Introduction
Sinc function in the real line R is defined by sincðxÞ ¼ 1 2
It has a holomorphic extension to the complex plane C, i.e.,:
Some applications of the sinc function may be found in [1] . with the Clifford analysis setting in [2] . The definition of the extended sinc function (we call it inhomogeneous co-dimension-1 sinc function) is based on the generalized exponential function eðx, Þ in R m 1 Â R m , extending the classical exponential function e ihx, i in R m Â R m . Furthermore, using the inhomogeneous co-dimension-1 sinc function, they obtained the Shannon sampling theorem [2] corresponding to the Paley-Wiener (P-W) theorem in R m 1 [3] . In this article, we define co-dimension-p sinc functions and prove the corresponding Shannon samplings in relation to the P-W theorems obtained in [4] .
Preliminaries
For a basic knowledge and notation in relation to the Clifford algebra the readers are referred to [5] [6] [7] .
Let e 1 , :::, e m be basic elements satisfying e i e j þ e j e i ¼ À2 ij , where
and
R m and R m 1 are called, respectively, the homogeneous and inhomogeneous Euclidean spaces.
Elements in R m are called homogeneous vectors and those of R m 1 inhomogeneous vectors or vectors. The real (or complex) Clifford algebra generated by e 1 , e 2 , . . . , e m , denoted by R ðmÞ (or C ðmÞ ), is the universal associative algebra generated by e 1 , e 2 , . . . , e m , over the real (or complex) field R (or C). A general element in R ðmÞ (or C ðmÞ ), a Clifford number, therefore, is of the form x ¼ P S x S e S , where for S 6 ¼ 6 0, e S are ordered reduced products of the basis elements and e S ¼ e i 1 e i 2 Á Á Á e i l , where S runs over all the ordered subsets of f1, 2, . . . , mg, namely
and, for S ¼ 6 0, we set e 6 0 ¼ e 0 ¼ 1.
The natural inner product between x and y in C ðmÞ , denoted by hx, yi, is the complex number P S x S y S , where x ¼ P S x S e S and y ¼ P S y S e S : The norm associated with this inner product is
The Clifford conjugate of a vector x ¼ x 0 þ x, is defined to be x ¼ x 0 À x: It is easy to verify that if x 6 ¼ 0 and x 2 R m 1 , then x has an inverse, x À1 , and
The unit sphere fx 2 
If @ x f ¼ 0 in a domain (open and connected) U, then we say that f is left-monogenic in U; and, if f @ x ¼ 0 in U, then f is said to be right-monogenic in U. Left-or rightmonogenic are called one-sided-monogenic or simply monogenic. The function theories for left-and right-monogenic functions, respectively, are parallel. If f is both left-and right-monogenic, then we say that f is two-sided-monogenic. In R m 1 we shall use the inhomogeneous Dirac operator, or the generalized Cauchy-Riemann operator, ihx, i gðÞd,
To extend the domain of Fourier transforms to R m 1 , we first need to extend the exponential function e ihx, i : Denote, for
where
It is easy to verify that the functions AE satisfy the properties for projections:
As extension of eðx,
it is easy to verify that, for any fixed , eðx, Þ is two-sided-monogenic in x 2 R m 1 : The above extension is the inhomogeneous co-dimension-1 CK extension of eðx, Þ to R m 1 : Replacing e 0 by 0 in equation (2), where 0 is a basis element added to the collection e 1 , . . . , e m , with 2 0 ¼ À1 and anti-commutativity with the other e j , j ¼ 1, . . . , m, one obtains the homogeneous
Generalizations of the exponential function of these types can be first found in the work of Sommen [8] , and then in Li et al. [7] , where is further extended to þ i 2 C m : In [6] , the generalized CK extension tells us: If A 0 ð yÞ is an analytic function in R q , for any k-homogeneous left-monogenic polynomial P k ðxÞ in R p , there exists a unique sequence ðA l ð yÞÞ l>0 of analytic functions such that the series
is convergent and its sum f P k is left-monogenic in any compact set belongs to R p È R q . Where ð ffiffiffiffiffiffi Á y p Þ 2 ¼ Á y , the Laplacian in y, and J v the Bessel function
We call f P k ðx, yÞ the generalized CK extension in relation to P k of A 0 ð yÞ and A 0 ð yÞ the initial value of f P k ðx, yÞ. In particular, when
q Þ the space of all functions of the form (3).
Furthermore, for any left-monogenic function fðx, yÞ inŨ belongs to
ð pÞ Þ. It can be decomposed in variable x. By using a basis
To extend the domain of Fourier transforms to R p È R q , we also need to extend the exponential function e ihy, ti : In [4] , for a given k-homogeneous left-monogenic polynomial P k ðxÞ, we get the generalized CK extension of e ihy, ti in
, being a kind of Bessel functions. Then " 
Next, we shall consider the generalized co-dimension-p interpolation via the cardinal function corresponding to the generalized co-dimension-p P-W theorem proved in [4] :
ð pÞ Þ be given, F analytic, defined in R q , taking values in C ðqÞ , which is the complex Clifford algebra generated by e pþ1 , . . . , e pþq , and F 2 L 2 ðR q Þ, be a positive real number. Then the following two assertions are equivalent: 1 0 F has a homogeneous co-dimensional-p generalized CK extension to R pþq , denoted by f P k , and there exists a constant C such that j f P k ðx, yÞj Ce jxj , for any x 2 R p , y 2 R q :
Moreover, if one of the above conditions holds, then we have
A function f in R p È R q is said to be of exponential type if j fðx, yÞj Ce jxj , for any x 2 R p , y 2 R q holds.
For any h>0, denote The following theorems characterize the functions in the P-W class PW T P k ðR q Þ ð=hÞ.
where F is the initial value of f. Proof 1 0 : Since f 2 PW T P k ðR q Þ ð=hÞ, according to Lemma 1, we have fðx, yÞ ¼ 1 ð2Þ
By Parseval's theorem and (9), the above is equal to 1 ð2Þ
ðx, y, tÞ ½À=h, =h q ðtÞ i b ðÞFðÞd 
and the Plancherel theorem on L 2 -functions in R q reads
So we have 1 ð2Þ
From ð8Þ and the co-dimension-p P-W theorem, we can obtain that sinc p P k ðx=h, y=hÞ belongs to PW T P k ðR q Þ ð ffiffi ffi q p =hÞ. Furthermore, we can construct functions in PW T P k ðR q Þ ð ffiffi ffi q p =hÞ using the following Theorem. 
Proof Applying the Parseval's theorem to the right-hand side of equation (11), owing to equation (9), we have
According to the evaluation (7) of "
By Lemma 1, we get fðx, yÞ 2 PW T P k ðR q Þ ð ffiffi ffi q p =hÞ. g
Next, the exact sinc P k interpolation of functions in PW T P k ðR q Þ ð=hÞ is given.
where F is the initial value of f and the series on the right-hand side is absolutely and uniformly convergent for any y 2 R q and x belongs to any bounded set in R p .
Proof Since fðx, yÞ 2 PW T P k ðR q Þ ð=hÞ, Lemma 1 gives
Expanding " 
We next show the uniform convergence of the series on the right side. In fact, for any positive number M, using the Cauchy-Schwarz inequality, we have Note that the function " p P k ðx, y, ÁÞ 2 L 2 ð½À=h, =h q Þ. Using the Bessel inequality and equation (7), for any bounded set U 2 R p , we have where y 2 R q , x 2 U. Owing to the estimate and equation (10), the series in equation (12) is convergent uniformly and absolutely in U È R q . g
The homogeneous co-dimension-p P-W theorem is stated as:
LEMMA 2 [4] (Homogeneous co-dimension-p P-W theorem) Let F be analytic, defined in R q , taking values in C ðqÞ , the complex Clifford algebra generated by e pþ1 , . . . , e pþq , and F 2 L 2 ðR q Þ. is a positive real number. Then the following two assertions are equivalent:
1 0 F has a homogeneous co-dimensional-p CK extension to R pþq , denoted by f, and there exists a constant C such that j fðx, yÞj Ce jxj , for any x 2 R p , y 2 R q : PW R
